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Abstract 
 
In this paper, we first apply traditional computability 

theory to prove that the randomization problem, as 
defined herein, is recursively unsolvable. We then move 
on to extend traditional computability theory for the case 
of k-limited fine-grained parallel processors (i.e., 
temporal relativity). Using this modification, we are able 
to prove the Semantic Randomization Theorem (SRT). 
This theorem states that the complexity of an arbitrary 
self-referential functional (i.e., implying representation 
and knowledge) is unbounded in the limit. Furthermore, it 
then follows from the Unsolvability of the Randomization 
Problem that effective knowledge acquisition in the large 
must be domain-specific and evolutionary. It is suggested 
that a generalized operant mechanics will be the fixed-
point randomization of a domain-general self-referential 
randomization. In practice, this provides for the definition 
of knowledge-based systems that can formally apply 
analogy in the reasoning process as a consequence of 
semantic randomization. 
 
1. Introduction 
 

This paper represents a theoretical attempt to define 
the nature of machine intelligence in the large. That is, 
given fine-grained parallel processors having finite 
hardware memory and sufficiently wide communication 
busses, how does one architecturally define machine 
intelligence? This question is pervasive because we all 
know what an intelligent system is or should be on the 
basis of empirical experience with formally trivial 
systems. However, that experience must be tempered by 
an abstract notion of what intelligence consists of; 
namely, the capability to learn and acquire knowledge 
through the use of metaphor. More formally, we say that 
intelligence is measured by the complexity of an effective 
program. However, surely one can specify complex 
programs that just do not learn. For example, consider a 
program for playing chess at the expert level. It turns out 
that such programs are formally defined to be trivial 
because they are not capable of self-reference. Here, self-
reference takes the form of programs that can modify 

themselves, or in this case, programs that can 
symbolically learn to play chess. Knowledge must be 
self-referential because exploratory search (in the “source 
code”) is necessarily delimited commensurate with 
learning (i.e., program-rewriting functions). It follows 
that complexity in the large differs from complexity in the 
small in that scale allows for learning, which allows for 
higher complexities in a given domain-specific task. 

 
On Machine Learning 

Machine learning in the small has emerged as a bona 
fide academic discipline. Nevertheless, a contention of 
this paper is that machine learning in the large is as 
different from that in the small as relativistic mechanics is 
from classical mechanics. Again, the key to machine 
learning in the large is self-referential transformation – as 
will be discussed next. 

 
On Functional Transformation 

A functional is a total map of functions to functions 
[2]. They represent the practical embodiment of self-
referential transformation on a fine-grained architecture. 
Functionals are coherent. This means that they can effect 
domain-specific evolution – including that of themselves 
– in a networked architecture. It follows that a proper 
metric for machine intelligence is not so much based on 
external applications; but rather, on a bounded space-time 
auto-extrapolation of the domain-specific source code 
itself. This is a radical departure from current thinking in 
soft computing. Evolutionary symbolic computing (ESC) 
promises to transform the way we think about the limits, 
capabilities, and economics of machine intelligence. 
 
2. Unsolvability of the randomization 
problem 
 

The central thesis of this paper is that the greater the 
degree of randomization [1] provided by any logic or 
knowledge-based method, the greater the utility of the 
intelligent processes that can be constructed through its 
use. In particular, it will first be proven that there does not 
exist an effective method for minimizing the space-time 



complexity of an arbitrary algorithm. The complexity of a 
series of digits is the number of bits that must be put into 
a computing machine in order to obtain the original series 
as output. As a consequence, all effective learning 
methods must be knowledge-based, or strong, if they are 
not to be trivial.  
 
2.1. Proposition 

 
Let, f f f j Nj0 1, , ... , , ... , ∈  be an effective enumeration 

in which every f j  is a total computable function from N  
to N .  A total function has domain of definition N  here.  
It is said to be computable just in case it is realized by 
some while-program [2].  It follows that there is a total 
computable function f N N: → , which does not appear in 
this effective enumeration. 

Proof:   To say that f f f j Nj0 1, , ... , , ... , ∈  is an effective 
enumeration of total computable functions means that 
there is a total computable g N N: →  such that ϕ g j jf( ) = .  
Define f N N: →  by diagonalizing over the functions 
f f f j0 1, , ... , , ...; that is, let f j f jj( ) ( )= + 1.  f  is a total 

function, and is computable by the while-program: 
 

Begin 
X2 := g(X1); 
X1 := Φ(X2, X1);      (1) 
X1 := succ (X1); 

End; 
 
But f  cannot appear in the effective enumeration 
f f f j0 1, , ... , , ..., itself, since it would differ from itself on 

its own index.          
 
2.2. Corollary 

 
There can be no effective enumeration of all the total 

computable functions from N  to N . 
 
2.3. Theorem (unsolvability of the totality 
problem) 

 
There is no algorithm, which when presented with the 

index j of an arbitrary computable function ϕ j N N: → , 
can decide whether ϕ j  is total or not. 

Proof:   Define the total function total N N: →  by 
 

total j
if N N is total

otherwise
( )

, :

, .
=

→RST
1

0

    ;jϕ
   (2) 

Assume, by way of contradiction, that total is computable 
by some while-program.  Then we may define a total 
computable function g N N: →  by the scheme 
 

g (0) = the smallest j such that total (j) = 1,   (3) 
g (n + 1) = the smallest j greater then g (n) such that total 

(j) = 1. 
 
In fact, g is computed by the following while-program, if 
we can assume that total is available as a subroutine.  
Given n as the initial data in X1, the program loads n + 1 
into X2, sets X1 to 0, and then computes until X1 holds 
the value g (n). 
 

Begin 
X2 := succ (X1); 
X1 := 0; 
While X2 <> 0 Do: 

Begin       (4) 
While total (X1) = 0 Do: 

X1 := succ (X1); 
X2 := pred (X2); 

End 
End; 

 
Clearly, ϕ ϕ ϕg g g j( ) ( ) ( ), , ... , , ...0 1  is an enumeration 
containing all and only total computable functions.  But 
this contradicts Corollary B.  Thus, total cannot be a 
computable function.         
 
2.4. Lemma 

 
Consider the family of all computable functions 

ϕ j N N: → , j N∈ .  The function 
 

a orithm j
if randomizes

otherwise

a j
lg ( )

, ;

, .
=
RST

1

0

    

 

ϕ ϕ
   (5) 

 
is not effectively computable. 

Proof:   First define the program 
 

Pg j( ) = Begin Φ(j, X1); X2 := i; End;   (6) 
 
where g is a total computable function by the s-m-n 
Theorem [2].  Thus, 
 

ϕ
ϕ

g j
j

j
i if j

otherwise
( ) ( )

, ( ) ;

, .
=

B
⊥

RST
  

 
    (7) 

 
Observe that ϕ g j( )  is the randomization function ϕ a , just 
in case ϕ j  is a total function: 



 
ϕ ϕ ϕg(j)   = ⇔a j is total.    (8) 

 
Consider next the composition of the function algorithm, 
defined in equation (5), and g: 
 

a orithm g j
if

otherwise

g j a
lg ( ( ))

, ;

, .

( )
=

=RST
1

0

  

 

ϕ ϕ
   (9) 

 
By our last observation, 
 

a orithm g j
if is total

otherwise
lg ( ( ))

, ;

, .
=
RST

1

0

    

 

jϕ
 (10) 

 
This means that the function total, defined in Theorem C 
[2], is none other than algorithm  g.  We have thus 
reduced the computability of total to that of algorithm.   
Since we found that total is not computable, we conclude 
that algorithm cannot be either.        
 
2.5. Theorem (unsolvability of the randomization 
problem) 

 
There is no algorithm, which when presented with 

indices i and j of arbitrary computable functions 
ϕ i N N: →  and ϕ j N N: →  can decide whether ϕ i  is a 
randomization of ϕ j .  Thus, there is no algorithm, which 
when presented with the index j of an arbitrary 
computable function ϕ j N N: → , j N∈ , can randomize 
that function (i.e., transform it into ϕ i , where i indexes an 
arbitrary randomized, or random, function). 

Proof:   Define the total function 
 

random i j
if randomizes

otherwise

i j
( , )

, ;

, .
=
RST

1

0

    

 

ϕ ϕ
 (11) 

 
The randomization function ϕ a  is computable by 
definition.  This function, in its simplest form, removes 
all redundant Begin End; pairs.  Let i be an index for it.  
It should be clear that we can now write 
a orithm j random i jlg ( ) ( , )=  for all j N∈ , where 
a orithm N Nlg : →  was defined in equation (5).  We have 
thus reduced the computability of algorithm to that of 
random.  Since algorithm is not computable, random 
cannot be either.          
 
 
 
 

3. Unsolvability of the semantic 
randomization problem 
 

We define knowledge to be a relative term, which 
refers to any semantic randomization of information (i.e., 
data). The need for transformational representations of 
knowledge was first demonstrated by Amarel [3]. He 
proved that the selection and transformation of domain-
specific representations is a fundamental component of 
the problem-solving process. 

For example, in the classic board game of Tic-Tac-
Toe, one might learn that three Xs in the first or third row 
are winning configurations. Given an appropriate 
representation (and interpreter), as follows, this leads to 

an effective randomization. That is, 

1,1 1,2 1,3

3,1 3,2 3,3

*,1 *,2 *,3

, ,

, ,

_______________

, ,

a a a win

a a a win

a a a win

→

→

→

. 

Notice that this schema can be instantiated for a proper 
prediction of a win in the second row. If this prediction 
were to be in error, then the correction would be acquired, 
integrated, and randomized. Questions are generated in an 
attempt to relax the current representation in favor of 
ever-greater randomization. Similarly, it has been shown 
that knowledge acquisition and processing must be 
flexible to reduce the costs incurred in the construction of 
intelligent systems [4]. 

Associative Memories (AMs) store associations 
representing the relationships of items in a particular 
context. An AM functions differently than a relational 
database. A relational database can be used to answer 
such questions such as, “How many categories of 
balloons are lighter than air?” However, AMs can be used 
to extract more advanced semantic relationships. For 
example, in contrast with a relational database, an AM 
can be used to answer questions such as, “What types of 
balloons are lighter than air?” and “What might cause a 
balloon to rise?” KASER-based AMs [5] could extend the 
semantic relationships to include such analogous 
questions as, “What types of objects float?” and “What 
might cause hot air to rise?” 

A Semantic Associative Memory (SAM) can be 
formalized to define computing with words [5] – [7]. 
Semantic recall is by definition a randomization 
operation. For example, the semantic recall of an object 
that is supported above the ground and upon which one 
can sit is functionally a “chair” (e.g., a large smooth 
rock). 

More formally, we proceed to show that the time-
delimited self-referential application of a SAM is a 
semantic randomization operation whose image cannot be 
bounded in complexity. This opens the door for the 



definition of an effective mechanics. It can be tested 
against such application domains as chess, battle 
management, and other areas of C4ISR where 
computational creativity lies at the focus. The non-
specialist is referred to references [2] and [8] for further 
readings in computability theory. 
 
3.1. Definition (associative memory) 
 

There are three types of memory reference 
mechanisms listed in order of increasing generality: 
1. Address-based (Relative/Absolute): where a specifies 

a (relocatable) memory address. 
2. Content-based (CAM): where, A specifies a list of 

attributes, f(A) is used to compute a, and f is a finite 
total computable (concurrent) function. 

3. Semantic-based (SAM): where F(A) is used to 
compute a and F is a countably infinite indexed 
family of total computable (concurrent) functions. 

 
3.2. Remark 

 
Notice that A serves as an effective data structure, 

while f serves as an effective (functional) program. In 
practice, this implies that an effective mechanics is 
necessarily underpinned by the Lambda calculus (e.g., 
LISP). SAMs are realizable by a countably infinite 
number of programs defined by sequences of (concurrent) 
instructions: 

0 1
, , ..., , ...,

j
i i i j N∈  having index in N. 

 
3.3. Definition (random) 

 
A series of numbers is said to be random if the 

smallest algorithm capable of specifying it to a computer 
has about the same number of bits of information as the 
series itself. A random series of digits is one whose 
complexity is approximately equal to its size in bits. Since 
complexity has been defined as a measure of randomness, 
no number can be effectively proved to be random unless 
the complexity of the number is less than that of the 
system itself [1]. 
 
3.4. Remark 

 
It follows from the fact that all minimal programs are 

random that a system of greater complexity is required in 
order to prove that a program is a minimal one for a 
particular series of digits [1]. This further implies that 
every operant mechanics must incorporate the fixed-point 
element of chance to complete its definition. 

In the proof of the Unsolvability of the Randomization 
Problem in the previous section, we showed that no 
effective method can provably minimize the space-time 
complexity of an arbitrary algorithm on an absolute scale. 

It follows that the set of non-trivial (i.e., self-referential) 
effective randomizations are recursively enumerable, but 
not recursive. A consequence of this theorem is that all 
embodied representations and algorithms must be 
evolvable in every degree of freedom in the general case. 
 
3.5. Theorem (semantic randomization problem) 

 
Given a pair of self-referential fixed-point 

randomizations having arbitrary indices, u, v∈N, u v≠ , 
then by Church’s Thesis [2] there exists a third program 
having index, l∈N, such that 
 

||l u vϕ ϕ ϕ=                 (12) 
 

We will show: 
| 0,  = ( )= ( ), | | | ( ||  ) |t c t k

l l r u vrk c k l lϕϕ ϕ ϕ ϕ ϕ+ +∃ ∀ ≥ > < , 
where k, r ∈  N (i.e., the semantic inequality for 
concatenation). While traditional computability theory 
addresses computational steps, here we will address 
computational time in lieu to allow for concurrent 
processing without recourse to dovetailing [2]. The proof 
will show that SAMs can be unbounded in their 
complexity in theory concomitant with scale. 
Furthermore, it then follows from the fact 0א

n = [8] 0א, 
where the concatenation operator in equation (12) implies 
n = 2, that any effective mechanics must necessarily 
address an arbitrarily large set of mutual (concurrent) 
functional randomizations. It may be useful to 
conceptualize such a mechanics as a discrete information-
theoretic model of gravity operating over time. 
 
Proof: Define the total function(s) 

( ) :randomize d N N→  by 
 

i( ),    is randomized;
( )

, .

randomized i if
randomize i

i otherwise

ϕ
=
⎧
⎨
⎩

      (13) 

 
randomize is then total and computable by Church’s 
Thesis. Let, i be an index for it. Then, we may write (14): 
 

,   ;

, .

( )  where | |<| |
| 0,  ( )

t k t k
j i j it c

i
i

if

otherwise

i
c c k i

ϕ ϕ
ϕ

ϕ

ϕ ϕ+ +
+ =

↓
∀ ≥ >

⎧
⎨
⎩

 
3.6. Lemma 

 
The concatenation operator may be defined to insert 

all assignment statements (i.e., X := X + p; from locally 
randomized programs u and v) at the beginning of 
program l. The function indexed by l may be computed 
by the following while-program, if we can assume that 



( , , , , )i m n p TransformedΦ is available as a computable 
subroutine by Church’s Thesis. The program may contain 
an arbitrary number of assignment statements followed by 
the subroutine call(s) (for programs u and v) to randomize 
their arithmetic content. 
 

Program randomize (i): 
Begin 

X := X + m; 
X := X + n; 
Transformed := True; 
While Transformed Do: 

( , , , , )i m n p TransformedΦ  
End; 

 
Subroutine ( , , , , )i m n p TransformedΦ :  (15) 

(m, n, p ∈  N) 
Begin 

Transformed := False; 
Pattern: /* Pattern does not replace itself. */ 

X := X + m; 
X := X + n; 

Replacement: 
(p := m + n;) 
X := X + p; 
(Transformed := True) 

End; 
 

It follows from while-program (15) that the 
( , , , , )i m n p TransformedΦ  subroutine will randomize all 

simple assignment statements at the beginning of 
programs l, u, or v into a single one of the form, X := X + 
p; where, p is an arbitrarily large integer of arbitrary 
complexity. 

A set A is said to be denumerable if |A| = [8] 0א. An 
enumeration of A is an isomorphism :f N A→ . The 
isomorphism n p shows that the enumeration of 
indices for the family of randomize programs (15) has 
cardinality 0א. 

Next, consider the application of a program-rewriting 
function, h. This function takes a syntactic object 
(programs u and v) and modifies their syntax in a 
systematic way by inserting an arbitrary sequence of 
assignment statements (e.g., X := X + 1;) at the beginning 
of programs u and v. The function, h, is total and 
computable by Church’s Thesis. The s-m-n Theorem [2] 
may now be applied to equation (12), where 2

:h N N→  
with the result, 
 

( , ) ||l h u v u vϕ ϕ ϕ ϕ= =                  (16) 

 
Clearly, 

| 0,  | ( ) | | ( ) | | |t c t k

l l lk c k l lϕ ϕ ϕ+ +∃ ∀ ≥ > = <                (17) 
 
since X := X + m; and X := X + n; in program l are 
replaced by X := X + p; at time, t+k, using program (15) 
in accordance with equation (14). Notice that program l 
treats itself as a semantic object here, which differentiates 
this operation from that provided for by the s-m-n 
Theorem. Equations (16) and (17) may then be combined 
for the desired result (18): 
 

| 0,  = ( )= ( ), | | | ( || ) |t c t k

l lr r u vk c k l lϕϕ ϕ ϕ ϕ ϕ+ +∃ ∀ ≥ > <  
 
This completes the proof of the Semantic Randomization 
Theorem (SRT).                      
 

It follows as a consequence of the SRT that the 
complexity of knowledge is unbounded in the limit. 
While practical intelligence is in every case constrained 
by the operant laws of space and time, every non-trivial 
(i.e., self-referential) finite realization of intelligence via 
randomization is necessarily domain specific and 
recursively enumerable (i.e., temporally relative) as a 
consequence of this theory. The methodology used to 
prove the SRT may be extended to define an effective 
mechanics in the next publication. Randomization would 
then be consistent with Occam’s razor. 
 
4. Conclusion 
 

ESC represents a point of departure from symbolic 
computing. It can be realized through the use of fine-
grained functional architectures. We have seen that every 
computational fixed point is dependent on the 
representational formalism [3]. The choice of formalism 
is domain-specific and thus evolutionary by nature. 
Semantic randomization defines a metric space, which 
serves to guide the evolutionary process and most 
importantly, in the absence of localized feedback. 
Symmetry is pervasive in nature. It provides a lever for 
the transformation of representation and knowledge alike. 
 
5. Future work  

 
It remains to define operant mechanics for the (self-

referential) transformation of representation and 
knowledge alike. Clearly, all such mechanics must 
envelop domain-specific formalisms – including those 
that engender heuristic search and are of a transformative 
nature. It follows that a generalized operant mechanics 
will be the fixed-point randomization of a domain-general 
self-referential randomization. In summary, knowledge 
must beget knowledge. 



On the practical side, the results of this paper provide 
a framework within which randomization theory may be 
applied to the design of contemporary knowledge-based 
systems. Here, the randomization of user input will 
provide for the formal use of natural language – including 
conceptual extrapolation for contextual expression. 
Clearly, a capability to compute with words provides a 
prescription for the design and subsequent construction of 
decision support systems of unheralded utility [6], [7]. 
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